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I. INTRODUCTION
In a set of experiments it has been shown that the cross sections of e + e − annihilation into pp [1] [2] [3] [4] , nn [5] and mesons [6] [7] [8] [9] near the thresholds of NN production reveal the unusual behavior. Namely, in this region the cross sections strongly depend on the energy. Similar effects have also been observed in the decays J/ψ(ψ ) → ppπ 0 (η) [10] [11] [12] and J/ψ(ψ ) → ppω(γ) [11, [13] [14] [15] [16] .
At present, this interesting property is widely discussed by many authors [17] [18] [19] [20] [21] [22] [23] [24] . A natural explanation of this phenomenon is the nucleon-antinucleon final-state interaction. In the low-energy region this interaction is usually taken into account by means of the optical potentials [25] [26] [27] . The potentials have been proposed to fit the nucleon-antinucleon scattering data, which include the elastic, charge-exchange, and annihilation cross sections, as well as some single-spin observables. For e + e − annihilation, the use of all optical potentials leads to a qualitative agreement of the predictions for the cross sections with the experimental data. However, these data are obtained in the region where the Coulomb interaction and the proton-neutron mass difference are irrelevant.
At present, the CMD-3 detector at the VEPP-2000 collider collects the data on the production of pp pair in e + e − annihilation at energies only slightly higher than the pair production threshold [28] . In particular, the energy resolution of this facility allows one to obtain the data between the thresholds of pp and nn pair production. In this energy region the account for the isospin symmetry violation, following from the proton-neutron mass difference and the pp Coulomb interaction, becomes important. The detailed theoretical investigation of the cross sections in the energy region around a few MeV from the thresholds and subsequent comparison of the predictions with the experimental results will allow one to improve the parameters of the optical potentials. Besides, such investigation will elucidate the influence of various effects on the strong energy dependence of the cross sections near the thresholds. This is the main goal of our paper.
II. APPROACH TO THE CALCULATION OF THE CROSS SECTIONS
In our previous papers [17, 22] we have calculated the cross sections of the processes e + e − → pp, nn and e + e − → mesons near the threshold, neglecting the electromagnetic pp interaction and the proton-neutron mass difference. The strong energy dependence of the cross section e + e − → mesons near the NN threshold is related to the production of a virtual NN pair with its subsequent annihilation. The interaction of real nucleon and antinucleon or virtual nucleon and antinucleon has been taken into account by means of the optical potentials. In the approach of Refs. [17, 22] it was possible to calculate separately the amplitudes corresponding to the states of NN pair with the isospin I = 0 and I = 1.
In this section we generalize that approach to the case of isospin symmetry violation. In this case it is convenient to use the physical particle basis, pp and nn, instead of the isospin basis, (pp + nn) / √ 2 for I = 0 and (pp − nn) / √ 2 for I = 1.
The coupled-channels radial Schrödinger equation for the
where Ψ T denotes a transposition of Ψ, (−p 2 r ) is the radial part of the Laplace operator, u p (r), w p (r) and u n (r), w n (r) are the radial wave functions of a proton-antiproton or neutronantineutron pair with the orbital angular momenta L = 0 and L = 2, respectively, m p and m n are the proton and neutron masses, E is the energy of a system counted from the pp threshold, = c = 1. In Eq. (1), V is the matrix 4 × 4 which accounts for the pp interaction and nn interaction as well as a transition pp ↔ nn. This matrix can be written in a block form as
where the matrix elements read
where α is the fine-structure constant, V I S (r), V I D (r), and V I T (r) are the terms in the potential V I of the strong NN interaction, corresponding to the isospin I,
Here S is the spin operator of the produced pair (S = 1) and n = r/r.
The asymptotic forms of four independent regular solutions of Eq. (1) (they have no singularities at r = 0) at large distances are
Here S ij are some functions of the energy and
where Γ(x) is the Euler Γ function.
At small distances a virtual photon can produce a virtual pp pair with the amplitude g p and a virtual nn pair with the amplitude g n . Then, as a result of NN interaction, each of these virtual pairs can produce either a real pp or a real nn pair in the final state.
Therefore, in the non-relativistic approximation the amplitudes of NN pair production in e + e − annihilation can be written in units πα/µ 2 as follows (cf. [22] ):
where e λ is a virtual photon polarization vector, corresponding to the spin projection
, λ is the spin-1 function of NN pair, λ = ±1, 0 is the spin projection on the nucleon momentum k, andk = k/k. In Eq. (7) the quantities u p iR (r) and u n iR (r) denote the first and third components of the regular solutions Ψ iR (r) having the asymptotic forms (5). In the vicinity of the thresholds, the amplitudes g p and g n can be considered as the energy independent parameters. Their explicit values are determined by the comparison of predictions with the experimental data.
Above the threshold, in the non-relativistic approximation the standard formula for the differential cross section of NN pair production in e + e − annihilation reads
Here θ is the angle between the electron (positron) momentum and the momentum of the final particle. Using the amplitudes (7) we find the proton and neutron Sachs form factors:
The integrated cross sections of the nucleon-antinucleon pair production have the form
The label "el" indicates that the process is elastic, i.e., a virtual NN pair transfers to a real pair in a final state. There is also an inelastic process when a virtual NN pair transfers into mesons in a final state, we denote the corresponding cross section as σ in . The total cross section, σ tot , is
The total cross section may be expressed via the Green's function D(r, r |E) of the equation (1), cf. [22] :
where the function D(r, r |E) satisfies the equation
The solution of Eq. (13) at r = 0 can be written as follows
Non-regular solutions of the Schrödinger equation (1) are defined by their asymptotic behavior at large distances:
All other elements ψ i of the non-regular solutions satisfy the relation lim r→∞ rψ i (r) = 0 .
The energy dependence of the cross sections is determined by the parameters of the optical potential. We have found these parameters using the experimental data available.
The detailed description of our optical potential and the explicit values of the potential parameters are presented in the Appendix. The results of the calculations, based on our optical potential, are discussed in the next section.
III. RESULTS AND DISCUSSION
In the present paper we use the same parametrization of the nucleon-antinucleon optical potential of the strong interaction in 3 S 1 and 3 D 1 partial waves as in Refs. [22, 23] . Namely, each term V I S,D,T in Eq. (4) is a sum of the potential wells and the pion exchange contribution. Besides, these potential wells consist of the real and imaginary parts. The account for the Coulomb potential and the proton-neutron mass difference changes the low-energy behavior of the model. Therefore, the parameters of the model have to be refitted in order to obtain a better description of the experimental data at low energies. These data are the cross sections of nucleon-antinucleon scattering, the cross sections of nucleon-antinucleon pair production in e + e − annihilation, the ratio of the electromagnetic form factors of the proton, and the pp invariant mass spectra in the decays J/ψ → ppπ 0 (η).
In order to understand the influence of the Coulomb potential and the proton-neutron mass difference, we compare our predictions with the results obtained at ∆ = 0 and with the Coulomb potential taken into account and without account for both isospin-violating effects.
The results of our calculations for e + e − → pp and e + e − → nn are shown in Fig. 1 . For the process e + e − → pp, we conclude that the influence of the Coulomb interaction on the cross section is noticeable only in the energy region of about 2 MeV above the threshold. The main effect of the Coulomb interaction is the non-zero cross section at E = 0 (the so-called Sommerfeld-Gamow-Sakharov effect). The influence of the proton-neutron mass difference on the cross section of pp production is also small.
We emphasize the following statement. It is commonly accepted that σ el for the process e + e − → pp can be written as
where σ
el is the cross section calculated without account for the Coulomb potential and C is the Sommerfeld-Gamow-Sakharov factor. However, it is seen from Fig. 1 that this formula does not work well enough. This circumstance is related to the finite size of the potential wells. Very recently, similar conclusion has been made in Ref. [29] at the discussion of the charged-to-neutral meson yield ratio in the decays of ψ(3770) and Υ(4S).
Note that an influence of the Coulomb effect on the nn pair production cross section is negligible, and we did not show the curves in the right picture of Fig. 1 obtained without account for the Coulomb field. As it should be, the account for non-zero ∆ near the threshold is important for the cross section of nn pair production.
In Fig. 2 we show the results for σ tot (left picture) and σ in (right picture) obtained in the different approximations. Solid curves correspond to the exact results, dashed curves are the results obtained at ∆ = 0 and without account for the Coulomb potential, dotted curves are obtained at ∆ = 0 and with account for the Coulomb potential, and dash-dotted curves are obtained at ∆ = 0 and without account for the Coulomb potential. It is seen that the total cross section σ tot is a continuous function of E, while σ in has a discontinuity at the proton threshold because of the Coulomb interaction (i.e., because of the Sommerfeld-GamowSakharov effect). The non-zero ∆ results in the essential modification of the cross sections in the vicinity of the thresholds. In the very narrow region below pp production threshold, −15 keV < E < 0, the energy dependence of the cross sections is not smooth because of the Coulomb bound states essentially modified by the strong interaction. However, this very narrow region is almost impossible to study experimentally, and we do not show the cross sections in this region in a separate figure.
IV. CONCLUSION
In this paper we have investigated in detail the energy dependence of the cross sections of pp, nn, and meson production in e + e − annihilation in the vicinity of the pp and nn thresholds. The isospin-violating effects, the proton-neutron mass difference and the Coulomb interaction, have been taken into account. The account for both effects turned out to be important in this energy region. Besides, the energy dependence of the cross sections is very sensitive to the parameters of the optical potential. Therefore, the detailed experimental investigation of the cross sections under discussion is very important for refinement of these parameters. We have also found that the commonly accepted factorization approach for the account of the Coulomb potential does not work well enough in the vicinity of the threshold due to the finite size of the optical potential well.
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APPENDIX
In the appendix we describe the optical potential used in our calculations. The optical potential V is expressed via the potentials U I as follows 0.74 ± 0.03 1.88 ± 0.02 0.479 ± 0.003 2.22 ± 0.03 g g p = 0.338 ± 0.004 g n = −0.15 − 0.33i ± 0.01 Table I . The parameters of the short-range potential.
• 
where θ(x) is the Heaviside function, U I i , W I i , a I i are free parameters fixed by fitting the experimental data, and U π i (r) are the terms in the pion-exchange potential (see, e.g., [30] ). The obtained parameters of the model are shown in Table I . In Fig. 3 we compare our predictions with the experimental data for the cross sections of pp and nn pair production in e + e − annihilation in a relatively wide energy region. It is seen that the use of our optical
